A DG algebra resolution of trimmings of Pfaffian ideals

Abstract

Let (R, m,K) be a regular local ring of dimension 3. Let I be a Gorenstein ideal of R of grade 3. Buchsbaum and Eisenbud!?]
proved that there is a skew-symmetric matrix of odd size such that I is generated by the sub-maximal pfaffians of this
matrix. Let / be the ideal obtained by multiplying some of the pfaffian generators of I by m; we say that J is a trimming of
I. In this project we construct an explicit free resolution of R /] with a DG algebra structure. Our work builds upon a recent
paper of VVandebogert 4. We use our DG algebra resolution to prove that recent conjectures of Christensen, Veliche and
Weyman 3! on trimmings of ideals of class G hold true in our context.

Background

Let I be a ideal of grade 3 with minimal free resolution F. A
DG algebra structure on F. induces a graded k-algebra

structure on TorR(R/I, k) := H.(F ® k) that is unique
and will belong to one of the following classes: C(3), T, B,
G(r), H(p, g) whose products are described in the table
belowll.

C(B) 8182=f3,62€3=f1,6361=f2 e,-f,-=g1 for1<i<3

T ee; =f3,ee3=Fq,e3e1 =1,

BE1€2:f3 e,-f,-=g1f0r1SiS2

G(T) e,-f,-=g1fOI‘1SiSr

H(p,q)|eje,p =fifor1<i<p e,rifpry =g for1 <j<gq

Let T = (T; ;) be an m x m skew-symmetric matrix with
entries in k. We define a function P from the set of words
In the letters {1, ..., m} to k as follows

?[l]] _Tl_]J

Pliy ...in] =0,

fori,j €{1,..,m}
if n is odd

iy el
Pliy o in] = zsgn<1 )?[11121 - Pljzx—1j2¢),  ifniseven
J1 )2k

where the sum is taken over all the partitions of {i4, ..., i5x}
In k subsets of size 2. If {i4, ...,i,} € {1, ...,m}with i; <
.- < 1,,, we define the pfaffians of the submatrix T as
pfi, i, (T) = Pliy ... i}
PE 7 (D) =pi1  mp\ s} (D)
Let I be the ideal generated by y; = (—1)"*1pf;(T) fori =

1, ..., m. Aproduct on a minimal free resolution F. of I will
be denoted by — - — and Is given by

€ 'F € = ;Gl)msgn ( i T(O%)\\{{E, T}> pt - (T)fr
e; r fj = 8;9 1
In particular, I is of class G(m). Let
J=ym+ - ym+ (Vg o Ym)-

where t Is an integer between 1 and m. We say that ] Is
obtained from I by trimming the first t generators of /.

(—D#*1ps(m) fori =1, ...,

A Free Resolution
Let I be a Gorenstein ideal of grade 3 generated by

m for some skew-symmetric

matrix T of odd size m with entries in R and let J be the
Ideal obtained by trimming the first t generators of I. In
2021, Vandebogertl* proved the existence of maps

qf:F2—>Gf

Q§1F3—>G§

such that a free resolution of R/J is given by the mapping
cone of the morphism
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We can write this mapping cone as the sequence
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where the differentials are given by the matrices
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Letl,s,a, B € {1,2,3} with a < 3, let k be an integer
between 1 and t, and let i, j be integers between 1 and m.
We define the constants

Ofjr = (—1)i+158n(

Ojjrhk = sgn(

m

=Y

m

(m)\{i} )
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One can verify that defining the maps g¥and g% by

as (f;) = i

=1

k
Ciki1Up,

q5(g) = d127712 +d13”13 +d23”23

guarantees the commutativity of the following diagrams
and therefore define a free resolution as given above.
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A DG Algebra Structure

Let G* be the Koszul resolution of k over R. The DG
algebra structure on G* is the usual exterior product of the
Koszul complex, denoted as — - .« —.

Theorem 1. A DG algebra structure on the resolution of
R/] Qg Kk Is given by the following products:

o t k,i,j
a) ej-e:=¢e  pe+rp=1dy v12+d

b) e fj = e Ff
c) e fj=
Given the work of Vandebogertl3], to verify that these

products do indeed give a DG algebra strucure, one need
only verify that the Leibniz rule Is satisfied.

k,i,j k,i,j

13+d23 V23

ift+1<j<m

1Cr]3d12 W] lflg_]St

We denote by Q; the transpose of the matrix (g1, -+, g%).
We denote by p(T, t) the number of pivot columns of

0, ®r k among the last m — t columns. We denote by a
bar the residue class modulo m.

Theorem 2. The trimmed ideal J 1s of format
(1,m + 2t —rank(Q; ®r k),m + 3t —rank(Q; Kz Kk),1 +t)

Moreover, if we denote the classes H(0,0) and H(0,1) by
G(0) and G(1), respectively, then

1) If m =5, then J is of class G if and only if the
following condition holds: for every i, j, k distinct with
t+1<ij<mandl1 <k <t,set{r h}=
|I5]\{k,i,j}. The 2 x 2 minors of following the matrix

are Zero.
(Ch,k,l Ch,k,2 Ch,k,3>
Crk1 Crk2 Crk3
2) Ifm = 7, then ] is always of class G.
m—t—p(T,t).

To see the format of /, one must consider the ranks of the
free modules In the resolution and remove basis elements
corresponding to the units in Q4. To see that J is of class G
when m = 5, one must notice that product (a) Is zero
precisely when the condition listed is satisfied. When m >
7, one must notice that product (a) Is always zero. To see
the value of r, one must consider how creating a minimal
resolution changes the basis and when m = 5, consider the
two cases p(T,t) =m —tand p(T,t) <m —t.

Furthermore, If J Is of class G, then r =

Applications

Corollary. Let p(J) denote the minimal number of
generators of /, then

1) Ift=1,thenr = u(J) — 3.

2) Ift=2,thenr < u(J) —4.

In addition to some algebraic manipulation, the proof relies
on two facts:

1) Ift =1, then rank(Q; ®r k) = p(T,t).
2) Ift > 2,then rank(Q; ®r k) — p(T,t) < t.

This corollary confirms the conjectures given by
Christensen, Veliche and Weymanl3! when trimming the
pfaffian generators of a Gorenstein ideal.

Example. Consider the ideal I of class G(7) generated by
sub-maximal pfaffians of the skew-symmetric matrix

/ 0 X 0 0 0 x Z\
—x 0 0 0 x z vy
0 0 0 x z y 0
T = O 0O —x 0 y 0 0
—x —z =y 0 0 O
\— —Z —y 0O 0 0 O
0O 0 0 O

1) Ift =1, then rank(Q1 ®R k) =2,p(T,1) = 2,and J
Is of class G(4) with 7 minimal generators.

2) Ift =2,thenrank(Q; ®r K) =4, p(T,2) =2,and ]
Is of class G(3) with 7 minimal generators.

These examples show that the bounds in the corollary
above are indeed realized, which contributes to solving the
realizability question for class G(r): given the minimal
number of generators and the type of an ideal, which values
of r can be realized by some ideal of codimension 3?

Future Work

In this work, we generated many formulas to aid in our
calculations involving pfaffians. These formulas could be
applied to other classes of ideals, such as almost complete
Intersections, whose products can also be stated in terms of
pfaffians. Trimming these ideals may contribute to
answering the realizability question for other classes.
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